Invariant minimal surfaces in the real special linear group SL2R with canonical Riemannian and Lorentzian metrics are studied.
Introduction
In our previous works [15] - [16] , we have investigated fundamental properties of the real special linear group SL 2 R furnished with canonical left invariant Riemannian metric. It is known that SL 2 R with canonical Riemannian metric admits a structure of naturally reductive homogeneous space and left invariant Sasaki structure. The isometry group of the canonical left invariant metric is 4-dimensional.
On the other hand, it is well known that the Killing form of SL 2 R induces a biinvariant Lorentz metric of constant curvature on SL 2 R.
Thus SL 2 R with biinvariant metric is identified with anti de Sitter 3-space H 3 1 .
As we will see in Section 1, the canonical left invariant Riemannian metric and biinvariant Lorentzian metric (of constant curvature −1) belong to same one-parameter family of left invariant semi-Riemannian metrics. Based on this fact, in this paper, we shall give a unified approach to geometry of H 3 1 and SL 2 R with canonical metric.
Since the canonical left invariant metric is of non-constant curvature, geometry of surfaces in SL 2 R is complicated.
In fact, we have shown in [6] , there are no extrinsic spheres (totally umbilical surfaces with constant mean curvature), especially no totally geodesic surfaces in SL 2 R.
In [18] , Kokubu introduced the notions of rotational surface and conoid in SL 2 R with canonical left invariant Riemannian metric. Further he classified constant mean curvature rotational surfaces and minimal conoids.
Gorodski [12] independently investigated constant mean curvature rotational surfaces.
In [6] , Belkhelfa, Dillen and the author gave a characterisation of rotational surfaces with constant mean curvature. More precisely a surface in SL 2 R is congruent to a rotational surface of constant mean curvature if and only if its second fundamental form is parallel.
In this paper we give some other characterisations of rotational surfaces (of constant mean curvature).
First we show that rotational surfaces in the sense of Kokubu coincide with Hopf cylinders (over curves in the hyperbolic 2-space H 2 ) in the sense of Pinkall [22] and Barros-Ferrández-Lucas-Meroño [4] . Based on this fact, we give a unified viewpoint for [4] and [18] .
Similarly we shall show that conoids in the sense of Kokubu coincide with Hopf cylinders over curves in Lorentz 2-sphere S 2 1 . When we identify the Lie algebra g of SL 2 R with (semi) Euclidean 3-space, both H 2 and S 2 1 are given by adjoint orbits in g. The adjoint orbits of SL 2 R in g are H 2 , S 2 1 and lightcone Λ. Based on this fact, we shall introduce a new class of surfaces in SL 2 R. More precisely, in section 4, we shall investigate surfaces in SL 2 R derived from curves in Λ.
For every surface in SL 2 R, we associate a map into the Grassmannian bundle Gr 2 (T SL 2 R) of 2-planes-called the Gauß map of the surface. We shall give a characterisation of constant mean curvature rotational surfaces in terms of harmonicity for Gauß maps.
More precisely, in the final section, we shall prove that a constant mean curvature surface in SL 2 R is congruent to a rotational surface with constant mean curvature if and only if its Gauß map is vertically harmonic.
The author would like to thank professor Luis Jose Alías (Universidad de Murcia, Spain) for his careful reading of the manuscript and invaluable suggestions.
1 The special linear group 1.1 Let G = SL 2 R be the real special linear group of degree 2:
By using the Iwasawa decomposition G = N AK of G;
we can introduce the following global coordinate system (x, y, θ) of G:
We equip on G the following one-parameter family {g[ν]} of semi-Riemannian metrics:
is Riemannian for ν > 0 and Lorentzian for ν < 0. Throughout this paper we restrict our attention to ν = ±1 for simplicity.
One can see that g [1] is only left invariant but g[−1] is a biinvariant Lorentz metric on G.
We take the following orthonormal coframe field of (G, g[ν]):
The dual frame field of {ω 1 , ω 2 , ω 3 } is given by
Note that this orthonormal frame field is not left invariant.
is given by the following formulae:
The commutation relations of the basis are given by
The Riemannian curvature tensor R of the metric g defined by
is described by the following formulae:
1.2 The one-form η = −dθ − dx/(2y) is a contact form on G, i.e., dη ∧ η = 0. Let us define an endmorphism field F by
And put ξ = −ǫ 3 . Then (η, ξ, F, g [ν] ) satisfies the following relations:
These formulae say that the structure (ξ, F, g [ν] ) is the associated almost contact structure of the contact manifold (G, η) [15] . The resulting almost contact manifold (G; η, ξ, F, g [ν] ) is a homogeneous Sasaki manifold [24] . The structure (η, ξ, F, g [ν] ) is called the canonical Sasaki structure of G. With respect to the canonical Sasaki structure, (G, g[ν] ) is a Sasaki manifold of constant holomorphic sectional curvature −(3ν + 4). The vector field ξ is called the Reeb vector field of G associated to η. In Lorentzian case, since ξ is a globally defined unit timelike vector field on G, ξ time-orients G.
) is given explicitly by For more informations on the canonical Sasaki structure of G, we refer to [15] .
1.3
The special linear group G acts transitively and isometrically on the upper half plane:
) is a semi-Riemannian submersion with totally geodesic fibres. Moreover π is given explicitly by π(x, y, θ) = (x, y) ∈ H 2 (1/2) in terms of the global coordinate system (1). The horizontal distribution of this semi-Riemannian submersion coincides with the contact distribution determined by η. The submersion π :
is an example of regular contact spacetime which is not globally hyperbolic.
1.4
Let us denote by g the Lie algebra of G, i.e., the tangent space of G at the identity matrix 1:
We take the following (split-quaternion) basis of g:
Hereafter we identify g with Cartesian 3-space R 3 via the linear isomorphism:
Equivalently,
We denote the scalar product on g induced by g [1] and g[−1] by ·, · (+) and ·, · (−) respectively. The scalar products ·, · (±) are given explicitly by the following formulae:
. Thus we identify (g, ·, · (+) ) with Euclidean 3-space:
And (g, ·, · (−) ) is identified with Minkowski 3-space:
respectively. Moreover the semi-Euclidean 4-space
is identified with the space M 2 R of all real 2 by 2 matrices:
The semi-Euclidean metric of E 4 2 corresponds to the scalar product
Since X, X = − det X for all X ∈ M 2 R, the special linear group G with biinvariant Lorentz metric g[−1] is identified with anti de Sitter 3-space:
1.5
The Lie group G acts on g by the Ad-action:
Since the determinant function det is Ad-invariant, the Ad-orbits in g are parametrised in the following way:
With respect to the Lorentz scalar product ·, · (−) , the non-trivial Ad-orbit O c are classified as follows:
is the future or past lightcone:
The future lightcone Λ + is represented as Λ + = G/N Z 2 .
1.6
The Riemannian metric g [1] is not only G-left invariant but also right K-invariant. Thus the product group G × K acts isometrically on (G, g [1] ). Note that (G, g [1] ) is represented by (G × K/K, g [1] ) as a naturally reductive (Riemannian) homogeneous space (See [25] ).
On the other hand, since
Hence every subgroup of G× K acts isometrically on both (G, g[ν]). Kokubu introduced the notion of helicoidal motion for (G, g [1] ). This notion can be naturally extended for (G, g[ν]).
An element of {σ µ t } t∈R is called a helicoidal motion with pitch µ. Kokubu called surfaces in (G, g [1] ) which are invariant under some helicoidal motion group {σ µ t } helicoidal surfaces.
2 Hopf cylinders 3.1 We recall two classes of surfaces in (G, g [1] ) studied by Kokubu.
Definition 2.1 ( [18] ) An immersed surface in G is said to be a rotational surface if it is invariant under the right K-action.
A rotational surface can be parametrised as
Obviously this definition is also valid for H Next we recall the notion of Hopf cylinder introduced by Pinkall [22] . [4] , [5] , [10] developed detailed studies on Hopf cylinders in H 3 1 . It is easy to see that the notion of Hopf cylinder can be extended naturally to the fibering:
By using SL 2 R-model of H 3 1 and the coordinate system (1), we can see that Hopf cylinders over curves in H 2 are nothing but surfaces in G invariant under the right action of K.
). Then M is a Hopf cylinder over a curve in H 2 (1/2) if and only if it is a rotational surface.
Thus we can unify two theories of "Hopf cylinders in H 3 1 " and of "rotational surfaces in (G, g [1] )".
) be a Hopf cylinder over a curve (x(v), y(v)) in H 2 (1/2) parametrised by arclength parameter v. Then the induced metric of ϕ is The Hopf cylinder M c is classified in the following way: (1) M c is a minimal complex circle if κ = 0, (2) M c is a non-minimal complex circle or a Hopf cylinder over a line segment Here we put b = cosh t and a = sinh t.
Remark 2.2
It is straightforward to check that every rotational surface of constant mean curvature in (G, g [1] ) has parallel second fundamental form (especially constant principal curvatures). Conversely, one can see that surfaces with parallel second fundamental form in (G, g [1] ) are congruent to rotational surfaces of constant mean curvature. See [6] . Since rotational surfaces of constant mean curvature are not totally umbilical, there are no extrinsic spheres (totally umbilical surfaces with constant mean curvature) in (G, g [1] ).
On the other hand, timelike isometric immersion of E 2 1 into H 3 1 with parallel second fundamental form are classified in p. 93, Corollary in [8] . See also [19] . Remark 2.3 Let c(t) = (x(t), y(t)) be a curve in H 2 (1/2) parametrised by the arclength parameter t and M the Hopf cylinder over c. Then it is easy to see that ξ is tangent to M . Moreover the horizontal lift c ′ (t) * of the tangent vector field c ′ (t) of c to G also tangents to M . The tangent space of M at (x(t), y(t), θ) is spanned by c ′ (t) * and ξ. Denote by D ⊥ the distribution spanned by c * (t) and put D = {0}. Then we have
Here ξ is the distribution spanned by ξ. Thus the Hopf cylinder M is an anti invariant submanifold of G in the sense of [27].
3.2 Next we shall recall the notion of conoid introduced by Kokubu.
Definition 2.2 ([18]
) An immersed surface in (G, g [1] ) of the form:
is called a conoid in G.
If we use the metric g[−1], then (x, θ) = (x(u), u) is a curve in the double covering manifold S 
Proposition 2.4 (Classification of CMC Hopf cylinders [5])
Let c be a unit speed curve in S 
On the other hand in (G, g [1] ), Kokubu obtained the following
Proposition 2.5 ([18])
The only (complete) minimal conoids in (G, g [1] ) are helicoidal surfaces:
Namely these minimal conoids are {σ µ t }-orbits of a line {(a, y, 0) ∈ H 2 × S 1 | y > 0}. In particular ϕ is an imbedding.
The results in this section motivate us to study the class of surfaces which will be introduced in the next section.
Surfaces derived from curves in the lightcone
In this section, we shall introduce a new class of surfaces in G. As we saw before, Ad-orbits of vectors in g = sl 2 R are classified in three types. The Ad-orbit of a spacelike [resp. timelike] vector is a hyperbolic 2-space [resp. Lorentz sphere]. The Ad-orbit of a null vector is the lightcone. In the preceding section, we saw that two kinds of surfaces, "rotational surfaces" and "conoids" coincide Hopf cylinders over curves in hyperbolic 2-space or Lorentz sphere. It seems to be interesting to study surfaces obtained by curves in Ad-orbit of a null vector, i.e., the lightcone. This section is devoted to study such surfaces.
Let c be a curve in lightcone Λ. Then its inverse image
The partial derivatives of ϕ are
The determinant of I[ν] is
In particular det I[
. Direct computations using (3) show that
The unit normal vector field n[ν] is
Let us denote by II = II[ν] the second fundamental form derived form n[ν]. The second fundamental form II is defined by the Gauß formula:
. The second fundamental form II is described by the following formulae:
The mean curvature H[ν] of ϕ is
Here we used the formula:
Case 1: ν = 1 From (11), we have ϕ is minimal if and only if
) obtained by taking inverse image of a curve in Λ which is parametrised as (10) . Then ϕ is minimal if and only if ϕ is the inverse image of 
Thus (M, ϕ) has real and repeated principal curvatures in H The ordinary differential equation (12) with y > 0 can be solved explicitly. In fact let us introduce an auxiliary function T by
Then (12) is rewritten as
The general solutions of this ordinary equation are given explicitly by
Thus the solutions y to (12) are given by [11] are independently obtained in [14] . Recently S. D. Pauls studied minimal surfaces in the Heisenberg group with Carnot-Carathéodory metric [21] 4 Tangential Gauß maps 5.1 Let (N n , g N ) be a Riemannian n-manifold and O(N ) the orthonormal frame bundle of N . As is well known, O(N ) is a principal O(n)-bundle over N .
Denote by Gr ℓ (T p N ) be the Grassmannian manifold of ℓ-planes in the tangent space T p N of N at p ∈ N . The set Gr ℓ (T N ) := ∪ p∈N Gr ℓ (T p N ) of all ℓ-planes in the tangent bundle T N admits a structure of fibre bundle over N . In fact, Gr ℓ (T N ) is a fibre bundle associated to O(N ):
whose standard fibre is the Grassmannian manifold Gr ℓ (E n ) of ℓ-planes in Euclidean n-space. This fibre bundle Gr ℓ (T N ) is called the Grassmannian bundle of ℓ-planes over N .
The canonical 1-form of O(N ) and the Levi-Civita connection 1-forms of g N naturally induces an invariant Riemannian metric ·, · on Gr ℓ (T N ). with respect to this metric the projection pr : Gr ℓ (T N ) → N becomes a Riemannian submersion with totally geodesic fibres. For more details about the metric, see Jensen and Rigoli [17] and Sanini [23] .
Remark 4.1 In case the ambient Riemannian n-manifold N is a Lie group with left invariant metric and M is a hypersurface, we can introduce another kind of Gauß map.
Let G be an n-dimensional Lie group with left invariant metric. For an immersed hypersurface ϕ : M → G with unit normal n, the normal Gauß map Υ of M is a smooth map into the unit (n − 1)-sphere in the Lie algebra g of G defined by
In our study for surfaces in (G, g [1] ), to distinguish the Gauß maps into the Gr 2 (T G) from the normal Gauß maps, we use the name "tangential Gauß maps" for the Gauß maps defined in Definition 4.1.
5.2
Here we recall and colllect fundamental ingredients in the theory of harmonic maps from the lecture note [9] by Eells and Lemaire. Let (M, g M ) and (P, g P ) be Riemannian manifolds. And let f : M → P be a smooth map of a manifold M into P . The energy density e(f ) of f is a smooth function on M defined by e(f ) := |df | 2 /2. It is obvious that e(f ) = 0 if and only if f is constant.
The energy E(f ) of f is
Here dV M is the volume element of (M, g M ).
The tension field τ (f ) of f is a smooth section of f * (T P ) defined by τ (f ) := tr ∇df.
It is known that f is a critical point of the energy if and only if τ (f ) = 0. A map f is said to be a harmonic map if τ (f ) = 0. Baird and Eells introduced the notion of stress-energy tensor in [2] . The stress-energy tensor S(f ) of a map f is a symmetric (0,2)-tensor field on M defined by
In particular in case dim M = 2 and f is nonconstant, f is conformal if and only if S(f ) = 0.
Since S(f ) is symmetric (0, 2)-tensor field, the divergence div S(f ) of S(f ) can be defined by the formula:
(See p. 86 in [20] ) Here C 13 is the metric contraction operator in the 1st and 3rd entries. See p. 83 in [20] . The divergence of S(f ) is given explicitly by [2] :
Thus if f is a harmonic map then its stress-energy tensor is conservative.
5.3
Next we recall the notion of vertically harmonic map [26] .
Let (P, g P ) be a Riemannian manifold and pr : (P, g P ) → (N, g N ) a Riemannian submersion. With respect to the metric g P , the tangent bundle T P of P is decomposed as:
Here V u := Ker (pr * ) u and H u = V ⊥ u are called the vertical subspace and horizontal subspace of T u P at u respectively. Now let f : (M, g M ) → (P, g P ) be a smooth map. With respect to the Riemannian submersion pr, τ (f ) is decomposed into its horizontal and vertical components:
The map f is said to be a vertically harmonic map if the vertical component
In case f : M = N → P is a section of P , i.e., a smooth map satisfying pr • f = identity, C. M. Wood [26] showed that the vertical harmonicity for maps is equivalent to the criticality for the vertical energy under the vertical variations.
5.4
Now we investigate harmonicity of tangential Gauß maps for surfaces in (G, g [1] ).
The following fundamental result is due to Sanini (See (3.2)-(3.3) in [23] ).
Lemma 4.1 Let N be a Riemannian 3-manifold and ϕ : M → N an immersed surface with unit normal vector field n. Take a principal frame field {e 1 , e 2 , e 3 = n}, i.e., an orthonormal frame field such that {e 1 , e 2 } diagonalise the shape operator. Put
and denote by ψ the tangential Gauß map of (M, ϕ). Then the following holds.
(1) The tangential Gauß map ψ is conformal if and only if (M, ϕ) is totally umbilical or minimal. The following is the main result of this section 1 .
Theorem 4.1 Let M be a surface in (G, g [1] ) with constant mean curvature. Then the tangential Gauß map of M is vertically harmonic if and only if M is a Hopf cylinder ( rotational surface) of constant mean curvature. Hopf cylinders with nonzero constant mean curavture are (only) constant mean curvature surfaces whose tangential Gauß map are vertically harmonic but nonharmonic and have conservative stress-energies.
In particular the only minimal surface in (G, g [1] ) with vertically harmonic tangential Gauß map is a Hopf cylinder over a geodesic. In this case the tangential Gauß map is a harmonic map.
Proof. Let ϕ : M → (G, g [1] ) be a surface with constant mean curvature and unit normal vector field n. Denote by θ 3 the dual one-form of n. Express θ 3 by
in terms of the coframe field (2).
(1) Case 1 c = 0: In this case,
gives a orthogonal frame field of M .
Direct computations show the following formulae:
Take a principal frame {e 1 , e 2 }. From these we have τ V (ψ) = 0 if and only if a = b = 0. Hence θ 3 = −η. Namley M is an integral surface of the distribution η = 0, but this is impossible, since η is contact. (See p. 36, Theorem in [7] ).
(2) Case 2 c = 0: Since a 2 + b 2 = 1, we may write a = cos φ, b = sin φ.
In this case u 1 = sin φǫ 1 − cos φǫ 2 , u 2 = ǫ 3 are orthonormal and tangent to M . The unit normal n is given by n = cos φǫ 1 + sin φǫ 2 . Then we have R(u 1 , u 2 )u 1 = − sin 2 φǫ 3 , R(u 2 , u 1 )u 2 = − sin φǫ 1 + cos φǫ 2 .
Let us denote by µ the angle between the principal frame {e 1 , e 2 } and {u 1 , u 2 }, i.e., e 1 = cos µ u 1 + sin µ u 2 , e 2 = − sin µ u 1 + cos µ u 2 . (15) Using (14) and (15), we have R 1213 = R 2123 = 0. Thus τ V (ψ) = 0 is fulfilled automatically for M with c = 0.
We have shown in [6] that constant mean curvature surfaces with c = 0 are Hopf cylinder of constant mean curvature. See the proof of Thereom in [6] .
Furthermore, the second fundamental form II of M relative to n is given by (cf. (5) and (8) in [6] ) II(u 1 , u 1 ) = 2H, II(u 1 , u 2 ) = 1, II(u 2 , u 2 ) = 0. (16) Next we see the case ψ is harmonic. Using (14) and (15) again, we have R 3113 = −7 cos 2 µ + sin 2 µ, R 3223 = −7 sin 2 µ + cos 2 µ.
Thus R 3113 = R 3223 if only if µ = ±π/4. Without loss of generality, we may assume µ = π/4. In this case the principal frame {e 1 , e 2 } is given by
By definition, II(e 1 , e 2 ) = 0. On the other hand, direct computation using (16) shows II(e 1 , e 2 ) = −H. Thus a constant mean curvature surface M with c = 0 satisfying R 3113 = R 3223 is minimal.
Conversely one can check that every rotational surface of constant mean curvature has vertically harmonic tangential Gauß map and when H = 0, the tension field does not vanish by direct computations. It is also straightforward to check that every minimal Hopf cylinder has harmonic tangentail Gauß map. 2
